Abstract. Let G denote the lamplighter group Z/2Z Z and let U (G) denote the algebra of unbounded linear operators affiliated to the group von Neumann algebra of G. We shall prove that U(G) is not flat over CG, and that CG does not have a classical ring of quotients. The latter statement answers a Kourovka notebook problem.
proven in [8, Theorem 9 .1] (see also [6, Theorem 10 .84]) that if G is an elementary amenable group which has a bound on the orders of its finite subgroups, then D(G) and U(G) are flat over CG. Furthermore it follows from [6, Theorems 6.37 and 8.29 ] that if G is amenable (in particular if G is the lamplighter group), then at least U(G) is "dimension flat" over CG. We shall prove Theorem 1. Let H be a finite group and let G = H Z. Then neither D(G) nor U(G) is flat over CG.
Closely related to this question is the problem of when the group algebra kG of the group G over the field k is an Ore ring (in other words does kG have a classical ring of quotients; see below for a precise definition). Our next result answers a Kourovka Notebook problem [7, 12.47 ].
Theorem 2. Let H be a finite group, let k be a field and let G = H Z. Then kG is not an Ore ring.
Notation and Terminology. Let A be a group. Then A Z indicates the Wreath product with base group B = ∞ i=−∞ A i , where A i = A for all i. Thus A Z is isomorphic to the split extension B Z where if x is a generator for Z, then x i A 0 x −i = A i . Also we identify A with A 0 . In the case A = Z/2Z above, A Z is often called the lamplighter group.
Let kG denote the group algebra of the group G over the field k, and let α ∈ kG. Write α = g∈G a g g where a g ∈ k. Then the support of α is {g ∈ G | a g = 0}, a finite subset of G.
The augmentation ideal of a group algebra will denoted by the small German letter corresponding to the capital Latin letter used to name the group. Thus if k is a field and G is a group, then g is the ideal of kG which has k-basis {g − 1 | g ∈ G \ 1}. For the purposes of this paper, it will always be clear over which field we are working over when considering augmentation ideals.
Let R be a ring and let S be its set of nonzero divisors (i.e. elements s ∈ R with the property that if 0 = r ∈ R, then rs and sr = 0). Then R is an Ore ring means that we can form the Ore localization RS −1 . Equivalently this means given r ∈ R and s ∈ S, we can find r 1 ∈ R and s 1 ∈ S such that rs 1 = sr 1 .
The above definition is really the right Ore condition, though for group rings the right and left Ore conditions are equivalent.
Lemma 3. Let R be a subring of the ring S and let P be a projective Rmodule. If P ⊗ R S is finitely generated as an S-module, then P is finitely generated.
Proof. Since P is projective, there are R-modules Q, F with F free such that P ⊕ Q = F . Let E be a basis for F . Now P ⊗ R S ⊕ Q ⊗ R S = F ⊗ R S and since P ⊗ R S is finitely generated, there exist e 1 , . . . , e n ∈ E such that P ⊗ R S ⊆ e 1 S + · · · + e n S. We now see that every element p of P is (i) An R-linear combination of elements in E ( =⇒ p ⊗ 1 = e∈E e ⊗ r e ).
(ii) An S-linear combination of e 1 , . . . , e n (p ⊗ 1 = e i ⊗ s i ). Set E = e 1 R + · · · + e n R. Comparing coefficients, the above shows that P ⊆ E and it follows that we have the equation P ⊕(Q∩E) = E. Therefore P is a finitely generated R-module as required.
Lemma 4. Let H be a nontrivial finite group, let k be a field with characteristic which does not divide |H|, and let G = H Z. If Q is a ring containing kG such that k ⊗ kG Q = 0, then Tor kG (k, Q) = 0.
Proof. Let d denote the minimum number of elements required to generate G. Then we have exact sequences
Suppose to the contrary Tor kG (k, Q) = 0. Then the following sequence is exact:
We rewrite this to get the exact sequence
and we conclude that P ⊗ kG Q is a finitely generated Q-module, which is projective since the sequence (1) splits. Now kG has cohomological dimension ≤ 2 [1, p. 70 and Theorem 4.6 and Proposition 4.12], hence P is a projective kG-module. (To see this, let P → P be a map from a projective kG-module P onto P . Because Ext 2 kG (k, Q) = 0, this extends to a map P → kG d → P . Since the image of the first arrow is P , this gives a split of the injection P → kG d , i.e. P is projective.) Therefore P is finitely generated by Lemma 3. But it is well known that P ∼ = R/[R, R] ⊗ k as kG-modules, where 1 → R → F → G → 1 is an exact sequence of groups and F is a free group with d generators (compare the proof of [3, (5.3) Theorem]). Consequently, G is almost finitely presented over k as defined in [2] if P is a finitely generated kG-module. But this is a contradiction to [2, Theorem A or Theorem C] (here we use H = 1), where the structure of almost finitely generated groups such as G is determined.
Proof of Theorem 1. Let x be a generator for Z in G. Then 1 − x is a nonzero divisor in N (G) and therefore is invertible in U(G), and hence also invertible in D(G). We deduce that whether Q = D(G) or U(G), we have C ⊗ CG Q = 0, so the result follows from Lemma 4.
Lemma 5. Let p be a prime, let k be a field of characteristic p, let A be a group of order p, let G = A Z with base group B, let a be a generator for A, and let x ∈ G be a generator for Z. Then there does not exist α, σ ∈ kG with σ / ∈ bkG such that (1 − a)σ = (1 − x)α.
Proof. Suppose there does exist α and σ as above. Observe that α ∈ bkG, since bkG is the kernel of the map kG → kZ induced from the obvious projection G = A Z → Z mapping x to x, and since 1 − x is not a zero divisor in kZ.
Thus we may write σ = τ + i s i x i where s i ∈ k, τ ∈ bkG and not all the s i are zero, and α = i x i α i where α i ∈ b. Then the equation
By equating the coefficients of x i , we obtain s i b i = α i − α i−1 mod b 2 kG for all i. Since α i = 0 for only finitely many i, we deduce that
2 . We now have a contradiction and the result follows.
Lemma 6. Let k be a field, let H be a locally finite subgroup of the group G, and let α 1 , . . . , α n ∈ hkG. Then there exists β ∈ kH \ 0 such that βα i = 0 for all i.
Proof. Let T be a right transversal for H in G, so G is the disjoint union of {Ht | t ∈ T }. For each i, we may write α i = t∈T β it t where β it ∈ h. Let B be the subgroup generated by the supports of the β it . Then B is a finitely generated subgroup of H and thus B is a finite p-group. Also β it ∈ b for all i, t. Set β = b∈B b. Then βb = 0 and the result follows.
Lemma 7. Let p be a prime, let k be a field of characteristic p, let A be a group of order p, and let G be a group containing A Z. Then kG does not satisfy the Ore condition.
Proof. Let H = A Z, which we may regard as a subgroup of G, with x ∈ H ⊂ G a generator of Z. Let B be the base group of H and let T be a right transversal for H in G, so G is the disjoint union of {Ht | t ∈ T }. Note that 1 − x is a nonzero divisor in kG. Let a be a generator for A. Suppose (1 − a)σ = (1 − x)α where α, σ ∈ kG and σ is a nonzero divisor in kG. Then we may write α = t∈T α t t and σ = t∈T σ t t with α t , σ t ∈ kH, and then we have (1 − a)σ t = (1 − x)α t for all t ∈ T . If σ t ∈ bkH for all t ∈ T , then by Lemma 6 we see that there exists β ∈ kB \ 0 such that βσ t = 0 for all t. This yields βσ = 0 which contradicts the hypothesis that σ is a nonzero divisor. Therefore we may assume that there exists s ∈ T such that σ s / ∈ bkH. But now the equation
(1 − a)σ s = (1 − x)α s contradicts Lemma 5, and the result follows.
Proof of Theorem 2. If the characteristic of k is p and divides |H|, then the result follows from Lemma 7. On the other hand if p does not divide |H|, we suppose that kG satisfies the Ore condition. Then kG has a classical ring of quotients Q. It is a well known fact that such a classical ring of quotients is always flat over its base (compare [9, p. 57] ). In particular, Q is flat over kG. Let x be a generator for Z in G. Since 1 − x is a nonzero divisor in kG, we see that 1 − x is invertible in Q and we deduce that k ⊗ kG Q = 0. We now have a contradiction by Lemma 4 and the result follows.
